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1. INTRODUCTION 
Let C be a n-dimensional closed convex set and F : C -+ 9’Rn : x + F(x) 
an upper-semicontinuous correspondence such that, for every point x in C, 
F(x) is convex, and of course compact as a consequence of F’s upper-semi- 
continuity; let also x0 be any point in C. This paper deals with the following 
problem: Does the autonomous system of ordinary differential equations with 
multivalued right-hand side 
dx 
3 E Proi,, F(x) (1.1) 
have at least one absolutely continuous solution 
x : [O, T] + c : t --f x(t), 
with x(0) = x0 and T > 0 ?-x being a solution of (1 .l) on [0, T] in the 
following sense: Almost everywhere on [0, T] in the sense of Lebesgue’s 
measure, x has its derivative in Proj,,c(ZjF(x). 
The following notations have been used (see Fig. 1 for a case where F(x) 
boils down to a single vector y): 
N,(x) = normal cone to C at point x; 
n,(x) = supporting cone of C at point x 
= polar of N,(x); 
Proj,c(zlF(x) = projection of the set F(x) onto the cone rrc(x) 
= set of all the vectors z of n&x) for which there 
exists a vector y of F(x) such that 
(9 Y - z E NC(x), (ii) (y - z, 2) = 0. 
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FIGURE 1 
The existence problem considered here may appear in control theory or in 
mathematical economics as soon as some variable x must be kept inside some 
closed convex set C; an example is provided by a price vector x whose com- 
ponents must be kept nonnegative (C = R+n). 
2. AN EXISTENCE THEOREM: WORDING AND SKETCH OF THE PROOF 
THEOREM. If there exists a positive number LZ such that, for every x in C, 
sup II Y II d 4 + II *II), 
YWX) 
(2.1) 
then the d@wntial system. (1.1) has at least one absolutely continuous solution 
starting at a given point x0 in C. 
Sketch of the proof. Consider any point x in R” and its projection f onto C; 
the correspondence 
H:R”--+BR”: x - H(x) = H(S) = Proj,(,) F(S) 
is defined everywhere on Rn and satisfies the following inequality: 
sup II z II -G BU + II x II> (2.2) 
zeH(x) 
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for every x in Rn and some positive number /? (if C contains the origin, /3 can 
be chosen equal to a). 
But the correspondence H is not necessarily upper-semicontinuous; more- 
over, H(x) may be nonconvex for some x; hence no standard existence theorem 
can be applied to the differential system 
(2.3) 
This is the reason why we are now to build from (2.3) another differential 
system 
(2.4) 
where K denotes an upper-semicontinuous correspondence 
K:Rn+9Rn:x+K(x), 
with K(x) convex for every x in R n; K will be derived from H in such a way 
that every solution of (2.4) also be a solution of (2.3). 
Denoting by B the Euclidean unit ball in Rn, let 
x + EB = (x’ 1 /j x’ - x 11 < E}; 
H(x + EB) = u H(x’); 
x’~xf~B 
f&x + EB) = closed convex hull of N(x + EB); 
K(x) = n I?(x + EB); 
EElO,+P[ 
(2.5) 
K is nothing but the least upper-semicontinuous extension of H such that the 
image of every point x in Rn be a convex subset of Rn. Condition (2.2) is still 
valid for K and ensures that K is upper-semicontinuous (and not only that K 
has a closed graph in Rn x R”). Hence Lasota and Opial’s existence theorem 
(see Appendix) can be applied to (2.4) and provides us with two functions 
x : [0, T] + R” : t + x(t), absolutely continuous on [0, T] and such that 
x(0) = x0, and h : [0, T] + Rn : t -+ h(t), with h(t) E K(x(t)), such that, 
almost everywhere on [0, T], 
2 x(t) = h(t). (2.6) 
Our existence theorem will then result from the following two lemmas: 
LEMMA 1. For every t in [0, T], x(t) beZongs to C. 
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LEMMA 2. For every t in [0, T] such that (d/dt) x(t) = h(t), /z(t) belongs to 
f+(t)). 
3. PROOF OF THE LEMMAS 
LEMMA 1. vt E [O, T], x(t) E c. 
Proof of Lemma 1. Suppose the result is not true; it would then be pos- 
sible to find to E [0, T] and t, E [0, T], t,, < t, , such that x(t,) E C - 6’ and, 
Vt ~]t,, , tr], x(t) $ C; as we will show below, the following two inequalities 
would then hold simultaneously: 
s 
t1 
(x(t) - x(t), h(t)) dt > 0 
to 
‘IxER~ - C, Vz E K(x), (x - %, z) < 0. (3.2) 
As (3.1) and (3.2) contradict each other, Lemma 1 must be true. 
We can immediately derive (3.1) f rom a standard result in convex analysis 
[2] that x - f is the only element in a[& /I x - E 1j2], i.e., in the subdifferential 
of the convex function $[d( *, C)]” : Rn --f R : x -+ 4 11 x - z /12. Indeed this 
result allows us to write 
s 
h (x(t) - x(t), W dt to 
= 4 jt’ (V 1) x(t) - @)l12, h(t)) dt 
to 
1 
s 
‘l d =- 
2 t0 dt II 44 - W2 dt 
= + II w - W12; 
the last equality is true because [d(*, C)]” is continuously differentiable and 
x( *) : [0, T] -+ R” = t -+ x(t) is absolutely continuous, hence /I X( a) - x(.)11” 
is also absolutely continuous. 
Owing to the definition of K from H, (3.2) is an immediate consequence of 
VS > 0, there exists E > 0 such that, Vz E H(x + EB), (x - 3, r} < 6. (3.3) 
To prove (3.3) let choose E small enough to have (X + EB) n C = B ; let then 
MULTIVALUED DIFFERENTIAL EQUATIONS 183 
w denote a point in x + EB such that z E H(w) = H(a). As z E T,(U) and 
w - CO E N,(W), we have (w - W, z) < 0; hence 
(x - 3, z) = (w - 25, z) + (x - x - w + a, x) 
< 11(x - x - w + 3, z>ll 
< (II x - w II + II +xf - 2011) II z II 
< 26 II x II; 
this implies (3.3) as, from (2.2), H(x + EB) is bounded. 
LEMMA 2. Vt E [0, T] such that (d/fit) x(t) = h(t), h(t) E H(x(t)). 
Proof of Lemma 2. The result is trivial as soon as x(t) E e’, because 
F(x(t)) = H(x(t)) = K(x(t)) th en holds. Thus consider t E [0, T] such that 
(d/tit) x(t) = h(t) and that x(t) = C - c; for such a t we will successively 
prove 
i3W + N&WI n WGN f @ * W E WW (3.4) 
[h(t) + N&(Q)] n F(x(t)) = o * [h(t) + N&(O)] n Q(O) = a. (3.5) 
As h(t) E K(x(t)), L emma 2 immediately derives from (3.4) and (3.5). 
Let first prove (3.4), i.e., let us show that, if a vectory inF(x(t)) is such that 
Y - w E NCW) (3.6) 
holds, then h(t) is the projection of y onto ?r,(x(t)). But the latter is an imme- 
diate consequence from 
tJu E N&W, (v, W)) = 0; (3.7) 
indeed (3.7) simultaneously implies 
and 
4) E d4~)) (3.8) 
(Y - 44, W)) = 0; (3.9) 
(3.6), (3.8) and (3.9) actually define h(t) as the projection of y onto rr,(x(t)). 
It remains to show that (3.7) holds. As (d/dt) x(t) = h(t), we may write 
h(t) = lim 
x(t + At) - x(t) 
AtlO At (3.10) 
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with, V& > 0 and Vv E N&(t)), 
hence 
We may also write 
(v, h(t)) < 0. 
h(t) = lim 
x(t - At) - x(t) 
AtlO - At (3.11) 
with, VAt > 0 and Vv E N,(x(t)), 
hence 
(3.10) and (3.11) imply (3.7), and thus complete the proof of (3.4). 
Let now prove (3.5), i.e., as N,(a) = B(. / C), let prove 
[h(t) + W+) I C)] n@(t)) = .0 => [h(t) + Z+(t) 1 C)] n K@(t)) = m, 
(3.5’) 
where S(* 1 C) denotes the indicator function of C. 
As P(t) + %+) I C)] and J+(t)) are disjoint closed sets, and as F(x(t)) 
is bounded, there exists a hyperplane separating them strongly [2, Corollary 
11.4.21; let b denote a vector orthogonal to this hyperplane; as %(x(t) IC) 
is a cone, b can be chosen in such a way that 
vv E 33(x(t) / C), <h(t) + ‘u, b) 3 (h(t), b) (3.12) 
and 
VY Em(t)), <Y, b) < <h(t), b) - 4 (3.13) 
where d is a strictly positive number. 
As C is a closed convex subset of R”, 6(* 1 C) is a closed proper convex 
function on R”; hence [2, Theorem 24.41 the graph of %(a 1 C) is a closed 
subset of Rn x Rn; nevertheless the correspondence &S(* j C) is not upper- 
semicontinuous, as it is unbounded at every point x E C - C; this is the 
reason why we will now restrict to the intersection (@( * / C)) n YB, which is 
an upper-semicontinuous correspondence, Y being any positive number. As 
F(e) is also upper-semicontinuous, VT > 0 it is possible from (3.12) and (3.13) 
to choose E > 0 in such a way that 
VV E @(x(t) + EB [ C)) n rB, 
<h(t) + v, 6) > (h(t), b) - rl 
(3.14) 
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and 
vy EF(x(q + 4, <Y, b) < W), b) - d + rl. (3.15) 
Consider any vector z in H(x(t) + EB) and let w denote a point in x(t) + EB 
such that z E H(w); then there exists a vector y in F(w) whose projection 
onto rc(w) is vector x; hence, as a consequence of (2.1) we have, if r has 
been chosen large enough, 
y - x E N,(w) n rB C (%(x(t) + EB / C)) n rB. (3.16) 
From (3.14) and (3.16) we deduce 
(z, b) = (y, 4 - (y - 2, b) < (Y, b) + 77; 
as y ~F(x(t) + 4, we can then deduce from (3.15) 
(2, b) < (h(t), b) - d + 271. (3.17) 
Choosing 77 < d/3, (3.14) and (3.17) imply 
z $ (8S(x(t) + EB 1 C)) n YB. (3.18) 
Owing to the definition of K from H, (2.2) and (3.18) imply (3.5’), as Y 
can be chosen as large as we need. This completes our proof. 
APPENDIX 
In 1965, A. Lasota and 2. Opial [l] proved the following theorem: 
Let x0 be any point in R II, d a compact interval of the real line and to any 
point of d; let also F be a multivalued function such that, Vt E A, Vx E Rn, 
F(x, t) is a subset of Rn. If 
(1) Vx E Rn, F( *, x) is measurable on d ; 
(2) Vt E A, F(t, -) is upper-semicontinuous on Rn; 
(3) Vt Ed, Vx E R*, F(x, t) is a compact convex subset of Rn; 
(4) There are two functions, both Lebesgue integrable on d, 
a:A+R+:t+a(t) and ,8: A-+ R+ : t-+/3(t), 
such that 
VtEA, Vx E Rn, SUP 
YWX, t) IIY II G 4t) + B(t) I/x II; 
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then there exists at least one function s : R + Rn : f -+ x(t) such that 
(1) x is absolutely continuous on A ; 
(2) (d/d) x(t) gF(t, x(t)) almost everywhere on A ; 
(3) x(fo) = x”. 
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